Discrete Series for Loop Groups.I 

An Algebraic Realization of 
Standard Modules * 

Do Ngoc Diep t 

Institute of Mathematics 

National Center for Science and Technology 
P.O. Box 631, Bo Ho 
VN- 10.000 Hanoi 
Vietnam * 

Email: dndiep@ioit . nest . ac . vn 



Abstract 

In this paper we consider the category C(t, H) of the (t, .ff) -modules, in- 
cluding all the Verma modules, where t is some compact Lie algebra and 
H some Cartan subgroup, t and H are the corresponding affine Lie alge- 
bra and the affine Cartan group, respectively. To this category we apply the 
Zuckermann functor and its derivatives. By using the determinant bundle 
structure, we prove the natural duality of the Zuckermann derived functors, 
deduce a Borel-Weil-Bott type theorem on decomposition of the nilpotent 
part cohomology. 
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1 Introduction 

Let us consider loop groups associated with compact Lie groups. Considering the 
(infinite dimensional) affine analogy of the classical theories for finite dimensional 
Lie groups [l]-[3], we have in our situation the following diagram of categories 
and functors 

C(l,H) ^ C(t,H) a O 

u 

C%H) — > C(b,H) O = ® x O x 

A(1,B)=1C~ 

u 

{M A = U{1) ® u{i) L\_p} 
(Verma modules) 

where 

I(W) :=Kom u{h) (U(t),W)[t>], 
H(W) :^Rom u{i) (U(l),W)[% 
S(V) := V[t], the Zuckerman functor, 

V~ is the maximal U (f))-locally finite and ^-semisimple module in the alge- 
braic dual V*, 

V~ the maximal U (I) -locally finite and 6-semisimple module in V*, 
C(t), H) the category of finite dimensional semisimple (f), H) -modules, 
C(b,H) the category of the U{\)) -locally finite, ff-semisimple and U(n + )- 

locally finite (b, if) -modules, 

C(l, H) the category of the U (f))-locally finite, i7-semisimple (t, if )-modules, 
O the category of ?7(f)) -locally finite, ff-semisimple U (n ± )-locaily finite (I, H)- 

modules, 

A(t, B) the category of U(i)) -locally finite, iJ-semisimple finite dimensional 
iJ-isotropic and U(n±) -locally finite (6, £?)-modules, 
C(l, K) the category of (I, ^-modules. 
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The functor / shows that the category C(t, H) has enough injective objects; 
hence, one can define the Zuckerman derived functors 

&S(V) := H\l, H; V* <g> V) ® V x . 

AGP 

For the objects from the subcategory O one can restrict on the injective in O 
resolutions, i.e. 

By using the determinant bundle see for example |Q] structure 

det(t/fj) = A max {l/t)), 
we can easily prove the natural duality for relative Lie cohomology 

H; V) x R max - i (l 1 H; W) -> C, 

for a dual pair of modules V and W, and the natural duality of Zuckerman derived 
functors 

E?S(V) x R^^SiW ® e i/5 ) -> C, 
or in a weaker form, an isomorphism 

It is easy then to deduce a Borel-Weil-Bott type theorem 

R % S(H(L_ w \ + p)) = 5 i;S ( w )V^x + p, 

where s(w) = Yl dimjjo, + I — 1 + £\ a, and p is the sum of the fundamental 
weights. Finally, it is easy to deduce an affine analogue of the Kostant theorem on 
decomposition for the cohomology of the nilpotent part 

H l (n + ;V X )= L w{x+p) _ p 

i»6W \s(w)=i 
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2 Notations 

First of all we recall some notations from the theory of finite dimensional semisim- 
ple Lie algebras : 

a complex finite dimensional Lie algebra of rank I, 

f) some Cartan subalgebra, diwk) = I, 

A the root system corresponding to the pair (g, h), 

A + the system of positive roots, 

n ± = E a eA + 0±" the nilpotent part, 

II = {ai, . . . , ai} the simple roots, 

9 the maximal positive root, 

(.|.) a nondegenerate invariant bilinear form, inducing an isomorphism v : 
h — > h* and a form on h* normed by the following condition (9\9) = 2. Hence 
(a | a) = 2 for all long roots from A, 

a = the dual root corresponding to a, 

® = J2\=i a i a i> where ai, . . . , ai e N+, 

^ = J2i=i aj«j,where a ± , . . . , a t e N+ 

Aj ; (Aj, ctj) = 5ij the fundamental weights, 

Q = XlaeA ^ a me root lattice in h*, 

L = X^aeA ^ a me sublattice of the long roots, 

v~ l {L) — Q — J2aeA ^ the co-root lattice, 

P = J2i=i m e weight lattice, 

P + = Y^i=i the positive chamber of fundamental weights, 
p = Yl\=i A-i the sum of fundamental weights, 
g = 1 + p{9) = 1 + J2i=i °i the Coxeter number, 
r a , a G A the reflections defined by 

r a(A) = A — 2(A, a) at , 

= (r a , a E A) C GL(h*) the Weyl group generated by reflections, acting 
on A, Q, P, etc, . . .,. 

Recall now the corresponding notations for the theory of affine Lie algebras : 
C = C[z, z~ x ] the algebra of Laurent polynomials in variable z E C \ (0), 
g = £(g) := C[z, z^ 1 ] ® c g the Laurent loop algebra, 
(.\.) z :— I <g) (•!•) the invariant Hermitian structure, 
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A 

dz' 

the central extension defined by the cocycle c(., .) and the central element c, 



c(X, Y) := Res 2=0 (^X|F) the antisymmetric 2-cocycle, 



d = d<g> 1 G Der C[z, z^ 1 ] <^-> Derg, acting on as and commuting with 
the central element c, 

= C[z, z' 1 ] ®c © Cc © Cd the affine Lie algebra, 

[X(.)+ac+/3d,y(.)+aic+/3irf| := ([X,Y](.)+(3z^-Y-(3 1 z^-X)+Res z=0 (^-X 

dz dz dz 

(X(.) + ac + pd\Y(.) + a lC + (3 x d) = Res^z' 1 (X\Y) Z ) + ap 1 + arf, 

\) = t) © Cc © some Cartan affine subalgebra, where f) is some ( finite 
dimensional) Cartan subalgebra of 0, 

Qa = {X e 0; [if, X] = a(H)X, H G F)} a root space, 
A = {<5; 0q, 7^ 0} = A w U A/ the root system, 
Avk = {a = a + nS; a G A, n G Z} the real roots, 
<5 such a root that 8(d) = c*(d) = 1, 5|f,+c c = 0, 
A / = {n5; n G Z \ (0)} the imaginary roots, 



dim c 5 



1 if a G A w 
/ if a G A 7 , 



n± = n± © X] n >o -2™ ® the nilpotent parts, 

= f)©n + ©n_ = ()© Yl&eA S« the Cartan decomposition, 

<S = d* g V,8(d) = c*(d) = l,5\ mCc = 0, 

II = {a :— S — 9, cti, . . . «;} the simple roots, 

IT = {d := c — 9, cti, . . . , ai} the simple co-roots, 

{A , . . . , A ; ; Aj = Aj + (ZjAo} the fundamental weights, normed as (Ai\ctj) = 

Sij, 

A+ = A+ U {kS + a; a G A, k G Z + } U {M; fc G Z+}, 

P = Xl!=o ^* the wei ght lattice, 

P + = J2\=o the chamber of the dominant weights, 

p = J2i=o = P + the sum of the fundamental weights, 

Q = 2,8 © Q the affine root lattice, 

A = (aj(ai))i,j=o,i,...,i the generalized Cartan matrix, 

W = W k Q the affine Weyl group, generated by the reflections r & , a G A, 
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V\ the standard g-module with highest weight A G P and with the weight 
vector v\ e V\ such that 

fj.u A = \{§).v x , 
n+.vx = 

and such that for all v € V\, dim [/ (n±)t> < oo, 
[/ (g) the universal enveloping algebra and 
-Z(g) the center of U 

3 Category C(i,H) 

Assume q = t to be an affine Lie algebra associated to a compact complex Lie 
algebra t — ku ®r C, where £r is the real Lie algebra of some compact connected 
Lie group K. Suppose that 2-cocycle c(., .) is integral. In this case the associated 
Lie algebra extension can be lifted to an extension of the corresponding Lie groups 

1 -> T -> K -> CK ^ C°°(S l , K) -> 1. 

For each subgroup H C K, consider the corresponding central extension 

In particular, if H is some Cartan subgroup of K we have an affine extension H 
of Cartan subgroup H. In this case, the affine Cartan subgroup H is also finite 
dimensional. 

The pair (fi, if) is called to be compatible, if there is such a homomorphism 
of affine Lie groups H — > Aut t that the corresponding homomorphism of affine 
Lie algebras f) — > Endt is coincided with the adjoint representation ad^(l) and 
that it induces the adjoint representation Ad^(H) in 1. 

For such a fixed compatible pair (t,H) we define C(l, H) as the category 
the objects of which have simultaneously (1, hj-module (see [3]) and ^-module 
structures, which are compatible in the sense 

h(Xv) = ((Ad h)X).hv,Vh e H ,Vv eV,X el. 

Remark that all the categories C(jj, H), C(l, H), C(l, K), . . ., raised in the in- 
troduction are the particular cases of this definition. Following M. Duflo and M. 
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Vergne [2] we define now the derived Zuckermann functors and then prove their 
duality in the category C(t, H). 

Denote by F(K) = ®\ e p(V£ ® V\) the associated algebra of matrix elements 
of the standard modules, where the sum runs over the set of weight lattice P. It 
is also the (I, H) -module of regular functions on K. Denote by r and I the right 
and left regular representations of K ( or t ) on F(K), respectively. Let V be a 
(1, iJ)-module with the action 9 of t ( or H) in V. Then we define a (t, iJ)-module 
structure on F(K; V) := F(K) ®Vhy 

MX)f)(k) = 6(X)f(k) + (l(X)f)(k),Vx G |,VA; G K, 

^(h)f)(k) = 6(h)f(h- l k),\/k,heH. 

This action commutes with the (t, -module structure tp. The right regular 
representation r ( of algebra t, or of group K ) also commutes with the (I, 
module structure ip and finally 

r(A;)^(X)r(A;- 1 ) = T(k.X). 

The representation T of the Algebra \ and the representation r of the group K can 
be continued on 

Hom(Ai, F(K; V)) ^ Hom(Ai, V)). 

It is easy to prove ( see [2], p. 468 ) that for every Yet, one can define I(Y) 

by 

(I(Y)n)(k) = i(h.Y)fi(h),Vk e K,Vn e Hom(A*l, V)) 

and that Y(Y)-r(Y) = doI(Y) + I(Y)od. Thus T and r induces a (I, ^T)-module 
structure on the Zuckermann derived functors 

r(V) :=®H i (l,H;VZ®V)®V x . 
xeP 

In the next section, by using of the general ideas of homological algebra [3], 
we show that for connected K, r°(V) coincides with the Zuckermann functor 
S(V) := V[l] from the category C(t, H) into the category C(l, K). 

Remark that in the second part of this contribution we shall prove a version of 
the Peter- Weyl theorem, which asserts that 

S(U(ty) = Q)VZ®V x = F{K). 

xeP 
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Thus F(K) can be interpreted as the algebra of regular functions on K, as in the 
classical case, [BJ], [|7|]. 

Recall that 6/fj is infinite dimensional space C[z, z' 1 ] ® (B/f)). But it is well- 
defined the determinant fiber bundle structure on det(t/h) := /\ max (k/\f) ( see for 
example [5] ), in case where h is a Cartan subalgebra. Because the corresponding 
group H is compact, det(i/f)) admits also a (t, H) -module structure £j/| with the 
trivial differential. 

Suppose that (.,.) is a (6, H) -invariant pairing of (t, H) -modules V, W G 
C(l,H). 

Theorem 3.1 For each (6, H) -invariant pairing of V,W G C(t,H), there exists 
a (fi, K) -invariant pairing of type 

(j*(y) i r aax - i {W®e i $)) ->C. 

Proof. Let us denote by oWr: the Wiener measure on K. Then each if -invariant 
i th relative cocycle 

he ^(t/^y ®F{k-v) 

can be (t, i/)-invariantly paired with any relative cocycle cu 2 <8> fa <8> C °f degree 1 
from 

A mra ~ ! (t/^ ® WO ® A max (l, 5) 

by the formula 

(wiO/ijW® / 2 ® C) = (wi A w 2 , C) / (AW, / 2 (A;))dW^(A;). 

./if 

This pairing is compatible with the differential d of the complex of relative (1, if)- 
valued cocycles, i.e. for iJ-invariant elements /xi G A l (t/h)* ® V) and 

fi2 G A maa, - < (i, f))* ® F(K) ® A max (i,f,), we have 

(d/Ji!, /jl 2 ) + (-iy(fii,dfi 2 ) = 0. 

The last gives thus a (6, -invariant pairing of the Zuckermann derived functors 
of type 

(r*(v), 1™"^ ® e^)) -> C. 

□ 
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4 Duality of the Zuckermann derived functors 

We develop in this section the formal homological algebra on the categories C(f), H), 
C(i,H),C(t,k)etc. 

First of all, it is easy to see that the category C(t, H) has enough injective ob- 
jects. Really, for every object WofC(l,H), the object I(W) = Hom^ ([/"(!), W) 

is injective in the category C(t, H). Furthermore every injective object in C(t, H) 
can be presented as a direct summand of an object of this type I(W). More ex- 
actly, we have V <^-> I(V). It is easy to see that if F G C(l, K), then F G C(l, H) 
and the exact co variant additive functor F <g> (.) maps the injective objects into the 
same ones, commuting with the Zuckermann functor S(V) = V[t]. Hence, we 
have the isomorphism 

IVS(F®V) **F®IVS(V). 

In particular, to each resolution — > V — > I* of type 

-> V -> 1° -> J 1 -> . . . 

we can apply the functor U(t) <E> (•) and obtain the commutativity of fTS* with 
U(t) ® (.) and also with the multiplication functor m (i.e. the £/(l)-action ), 
following the commutative diagram 



u{i) <g> h*s(v) z . &s(u(i) <g> 




More particularly, if the submodule V C V 1 © V 2 G C(t,H) is stable under 
= [/(£)* and if for some element m G Z(t), the operator u — x{ u ) acts 
nilpotently on V, then so it acts also on the derived functors R l S(V). 

Consider the finite dimensional injective ^-invariant Koszul resolution 

C - Rom uCi)) (U(t), A°(f/f})*)4 . . . 
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..ARom m (U(l),A^ («/&)')-> 

and apply the tensor multiplication with V on the right. We have then an injective 
resolution of V 

O^V^ Hom u(i)) (U(t), A°(I/f))* ® V)% . . . 

. . . ^ Hom^ ([/(I), A^t/fj)* <g> V) -> 0. 

Applied the Zuckermann functor S(V) = V[t] and taken the //-invariant parts, 
we have the derived functors as the cohomology groups of complex 

IVS(V) = Coh l (/(A*(l/f))* <g> Vf, d v ). 

Remark that 

Kom u{i)) (U(t), A*(I/f)) ® V) Hom^AWf)), [/(!)* ® V). 
Hence, applying the functor S, we have 

I(A\my ® V) = Hom^A^I/jj), R(t) ® V), 
where = AeP V\ ® V A * is the maximal (I, iJ)-bimodule in U (1)*, i.e. 

/(^(f/fj)* ® V) = Hom^^l/f)), V ® \/ A *) ® V A . 
AeP 

Therefore, we have the equivalence of functors 

I?S(V) = H{V) : = H% H; V X ®V)® V x \ 

AeP 

Rm°*-i S (V) = G(V) := H max - l (l, H- V~ ® V x ) ® V*. 

AeP 

Applying Theorem 1 , we have now an equivalence of functors 

t v ■. Ksiy) K max ~ i s(y~y. 

Hence we obtain the result 

Theorem 4.1 V — > Ty is an equivalence of functors. 
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5 Category O 

By using the trivial action of the nilpotent part ft + of affine Lie algebras b : = 
f) © n + , one can, in place of the category C(l, H) and the functor I consider the 
category C(b,H) and the functor H, 

H(W) :=Rom u(i) (U(l),W). 

Thus we can use the subcategory O in C(t, H), which has also enough injective 
objects. This is a more economic way of computing the derived functors. Remark 
that the most important Verma modules belong too to this subcategory. We have 
deal with this situation in proving the Borel-Weil-Bott type theorem. 

For each H{W) G O, where W G C(b, H), let us consider the (9-injective, 
^-invariant resolution of type 

-> H(W) -> I*(W), 

Lie algebra 

ft = ft+ © n_, 

and 

P{W) := (Rom m (U(i), AV ®W)[t)]f G O. 

Then we have 

ST^WO = Hom l/( - w (A i n, J R(i) © 

= V A © (Hom^A'n, V7 ® W)f. 
xeP 

Hence 

V x © (//'(n; V A * © W)) A . 

XeP 

In the category O an analogue of the classical Bernstein-Gel' fand-Gel'fand's re- 
sults [1] holds :Every indecomposable injective object is a direct summand of an 
object of type 

H((U(n)/h r U(h))* © La), A G P,Vr » 0. 
Therefore, remarking that if F G H ), 



iT(ft,(^(n)/n r ?7(ft))*©L A ©F) = 0,i = 1,2, . 
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we see that in the category O all the objects are acyclic, i.e. if V is an injective 
object in O, then R l S(V) vanishes unless i — 0. In the category O, all the 
objects have finite injective cohomological dimension. Then by induction on this 
dimension one proves that (R l S)\o — R l (S\o)- This mean that computing the 
Zuckermann derived functors for objects in O is independent from the bigger 
category C(l,H). 

6 Borel-Weil-Bott and Kostant type theorems 

Recall that by P we denote the weight lattice of our compact complex affine Lie 
algebra, P + the Weyl chamber of the dominant weights. The Weyl group W acts 
on P and every regular weight p can be uniquely presented in form — w\ + p, 
where A G P + and w G W. Recall that the length function is defined by l(w) : = 
#{A G fl;w\ = -A} < 1 + 1. If w e W andi(ro) = I + l,then wfl = -ft. 
By definition, we have p = J2\=o an ^ 

i 

-zup + p = \i. 

i=0 

Remark that although dim c g kS — l,Vk e Z \ (0), where 5 G i)*,5(d) = 1 and 
£|f)+cc = 0, we have always dimL_ ro/5+/5 = I. 
Let us introduce a function 

s(w) = l l(yW ^ ifWa ° ^ ~ a ° 

\ l(w) + I - 1 + J2i a i if^ao = -ao- 

Theorem 6.1 For every regular integral dominant weight A G P + and for every 
element w G W, 

R S(H(L_ wX+ ,)) - | v _^ +p . f . = s(w) _ 

Proof. As in the classical case, we prove the theorem by induction on the length 
of elements of the affine Weyl group W. 

(a) First of all we verify the assertion in the case of maximal length elements, 
l(w) = 1 + 1, wfl = —IT. Hence w = zu. 
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From the discussed properties of the functor H one deduces easily that 

H{L- W x) = H(L- mp - + p <g) V-\ + p) Xx , 

where the index xx means the submodule, where the operators z — Xx( z ) act 
nilpotently, for all z G Z(t) = cent £7(1), and xx the infinitesimal character 
corresponding to A. 

In Section 3 we have seen that 

R l S(W Xx ) - (RS(W)) Xx ,We C&H), 

R l S{W <g> V x ) = BiSiW) <g> v x . 

Hence, we have 

R i S(H(L_ vo x + p)) - R!S{{H{L^ p+p ) ® V_ x+p )) Xx 

= (R i S(H(L_^p + p) ® V_ x+ p)) xx = (R i S{H{L_ W p + p)) ® V_ x+p ) Xx . 
Therefore it is enough to compute R t S(H(L_ VO p + p)) Xx . We have 

RS{H{L mp+ p)) = (0 V x ® /P(n; L_ wW ® f))*, 

AGP 

where n := n + © ti_, A*n + has no vectors of weight —tup + p, if « 7^ s(u>). If 
i = s(u>), we have 

A s{w) h= (A s ^n)_ ro ^©... 

and 

H s ^\h;L_ mp+ p) = C. 

The theorem is verified in this case. Remark that here we have the non-triviality 
of the cohomology group in dimension s(w), while in the classical case the non- 
triviality in the dimension l(w). 

(b) Suppose that l(w) < I + 1 and that the theorem is verified for all w' G W, 
such that 

l(w') > l(w) + 1. 

Consider Q = wP. Then wX is Q-dominant, integral and regular. Because Q 7^ 
wA + , there exists a Q-simple root a from A+, such that (A, a) > 0. Because 

s a Q DQ- {a}, 

then w\ and s a w\ are Pi -dominant, where P\ = Q — {a}. 
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Lemma 6.1 Suppose that A G P is regular integral weight. Then there exists a 
unique root system Q such that X is dominant weight. Suppose that ther exists a 
Q-simple root a G A + U Q such that (A, a) > and that the both elements X and 
A' = s a X are (Q — {a}) -dominant. Then in the category O there exists such an 
object E that : 
( i) the sequence 

-> M x -> E -> My -> 

w erac? and 

(z'z'J R}S(E) = 0, Vi = 0, 1,2, . . ., w/zere M A = 17(1) L A -p is the Verma 
modules associated to X. 

Proof. This lemma is an affine analogue of Lemma 6.2 from [3] and its proof does 
not require an essential change. □ 



End of the proof of Theorem 6. 1 



From this lemma, by changing A h- > wX, there exists a module E G O satis- 
fying (i) and (ii). Then E has the finite dimensional weight spaces with respect to 
(j. Hence we have an exact sequence 

o - M; awX ^e-^ mz x -> 0. 

In virtue of the duality theorem, we have 

RS(E^) = WSiE)* = 0, Vi G N. 
From the long exact sequence, one has 



KS(MZx) = R i+1 S(M : 



s a w\) 



Remark that 



Hence 



M 7 aW \ = H(L_ SaWX+ p) 



R l S(H(L_ wX+ p)) = R t+l S(H(L_ SawX +p)) = j 



i+i Q ( U(T \\ _ j if i + 1 ^ s(s a w) 

V_ x+P ifz + 1 
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i.e. 



if i s(w) 

s(w). 



The theorem is completely proved. □ 
As usually, changing A by A + p, we have 

= V- X <g> H\h; L_ w{x+ ~ p)+ ~ p <g> V x *f 



= V_ x ® Rom u{i)) (L*_ w{x+ - p) _-, H^h; V* X )) H . 

Hence we have just an affine analogue of the Kostant theorem on cohomology of 
the nilpotent part. 

Theorem 6.2 

wdW ,s{w)=i 

Remark. We have deal with (t, H) -modules and the central characters of type 
e A and the infinitesimal characters of type xx- A similar situation with (jj, K)- 
modules with the central characters of Harish-Chandra type Q\ and the infinitesi- 
mal characters xx gives us an algebraic realization of the discrete series represen- 
tations for loop groups. This idea will be devoted the next part of our contribution. 
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